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Lift Hysteresis of an Oscillating Slender Ellipse

Mohammad A. Takallu*
Old Dominion University, Norfolk, Virginia

and
James C. Williams Hit

Auburn University, Auburn, Alabama

A theoretical investigation has been conducted to determine the timewise variation of lift on a slender elliptic
cylinder moving at uniform speed but oscillating in pitch. The analysis couples a potential flow calculation,
including the effect of a vortical wake, for the flow past the cylinder with a calculation of the unsteady, two-
dimensional, laminar boundary layer on the surfaces of the pitching ellipse. The coupling is achieved by match-
ing the rate at which boundary-layer-developed vorticity is shed into the wake with the time rate of circulation
about the ellipse. The unsteady lift is determined from an integration of the unsteady pressure distribution on the
body. The effects of mean angle of attack and oscillation frequency on the lift hysteresis loops are determined. It
is shown that the hysteresis loops change direction as the mean angle of attack is increased through the angle of
attack corresponding to maximum steady lift.

Nomenclature
a =semimajor axis of ellipse; also radius of the

mapping circle, m
b = semiminor axis of the ellipse, m
C( = unsteady lift coefficient
Cp = unsteady pressure coefficient
k = strength of the vortex
q ( t ) = scaling functions as defined by Eq. (14)
Qi = functions used in Eqs. (30) and (31)
R(rj) ^parameter relating the angular measure to the

distance along the surface
t = nondimensional time
TltT2 =test functions used to satisfy the unsteady cir-

culation criteria; see Eqs. (34) and (35)
M = nondimensional boundary-layer velocity in the x

direction, u/U^
wg = nondimensional potential flow velocity on the

body surface
U = absolute velocity of a point on the body, Eq. (37)
£/«, = reference or freestream velocity, m/s
x = nondimensional streamwise boundary-layer co-

ordinate
X = nondimensional real axis of the complex Z plane,

X/a
X = real axis in the Z plane, m
X = nondimensional vortex location in the Z plane
Y = nondimensional imaginary axis in the complex Z

plane, Y/a
Y = chordwise axis of the body in the Z plane, m

y = nondimensional boundary-layer coordinate nor-
mal to the body surface, y\lRe/a

y = boundary-layer normal coordinate
Z = nondimensional complex coordinate of the body,

Z/a
Z = coordinate in the Z plane, X+iYt m
a = angle of attack
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a0 = mean angle of attack
]8 = fineness ratio of the elliptic cylinder, b/a
y = strength of the vortex per unit length of the wake
F ( t ) = nondimensional unsteady circulation, t/2-KCiU^
f = unsteady circulation, m2 /s
<5 = boundary-layer thickness
<5* = displacement thickness
!d,2d,3d = components of the unsteady boundary-layer

thickness
Ace = increment of angle of attack
f = coordinate of the mapping circle, eiy]

17 = angular measure in the f plane
0 = momentum thickness
X = boundary-layer shape factor
£ = streamwise coordinate as defined by Eq. (13)
£5 = location of separation point in £ coordinates
p = location of isolated vortex in the f plane
TW = wall shear
</> = angular location of isolated vortex in the f plane
co = nondimensional oscillation frequency, cb#/ (/«
& = frequency, rad/s

Subscripts
le = leading edge
te = trailing edge
0 - steady components
10 = unsteady components multiplying Aacosco^
11 = unsteady components multiplying Aasinco/

Introduction

THE problem of determining the forces and moments on a
body undergoing an oscillating pitching motion while

moving at a uniform velocity in an infinite fluid has been of
interest for several years. In recent years this interest stemmed
from the relation of this problem to problems encountered in
helicopter blade aerodynamics1"3 or in rotating compressors
when the inlet flow is nonuniform.4 In the case of unsteady
flow (oscillating pitch), the variation of lift with angle of
attack is significantly different in and near stall from the
familiar variation of lift for steady flow. In the steady flow
case, there is a drastic decrease in lift at angles of attack
greater than the stall angle of attack whereas for unsteady
oscillatory cases the experiments of Half man et al.5 indicate a
maximum dynamic lift coefficient which is significantly larger
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than the Qmax. Furthermore, for an airfoil oscillating in pitch,
the lift curve describes a hysteresis loop which is quite large
when the mean angle of attack is near that for maximum
steady-state lift. The size and shape of lift hysteresis loops are
a strong function of mean angle of attack, oscillation am-
plitude, and frequency.6

Several investigators have studied this problem employing
techniques which are basically inviscid but which are coupled
with empirical estimates of the viscous effects.7'8 While these
methods may be useful in making predictions of unsteady
aerodynamic effects, they do not go to the root of the
problem. Basically, stall is a phenomenon which is directly
related to boundary-layer separation and a complete analysis
of stall, either steady or unsteady, must include the effects of
boundary-layer separation. Several investigators have
modeled unsteady stall including the effects of boundary-
layer development. Crimi9 analyzed the flow about an airfoil
undergoing unsteady motion by modeling the basic flow
elements and considering interactions between the viscous and
inviscid flows by an iterative process. His work is limited by a
linearized description of the potential flow which is solved
numerically for each time step by considering a distribution of
source and sink singularities. Patay10 used a boundary-layer
analysis to study the effect of leading-edge separation on the
delay of dynamic stall for pitching Joukowski airfoils. This
study employs a momentum integral procedure but solves
only a quasisteady description of the flow process. Moore11

considered the problem of predicting the lift on a slender
elliptic cylinder in a freestream which is oscillating in angle of
attack. In addition to considering the case of a stationary
cylinder in an oscillating stream, Moore simplified his
analysis by limiting the problem to the case of maximum
static lift and considering only small rates of change of in-
cidence. By restricting his analysis to maximum steady-state
lift, Moore eliminated the quasisteady variation in cir-
culation. In the lift vs angle-of-attack curve, Moore obtained
a hysteresis loop whose direction is counterclockwise, in
contrast to the clockwise direction of the hysteresis loops
obtained experimentally on cylinders of airfoil cross section at
high angle of attack. Sears12 reviewed Moore's work and
suggested that further investigations of this type be made.
Sears discussed the effects of Moore's assumptions and stated
that ". . . the dominant effect in this hysteresis may arise
from quasisteady terms that Moore eliminated by considering
small perturbations from maximum lift."

Johnson13 extended the work of Moore by determining the
hysteresis loops on a 6:1 ellipse oscillating periodically while
moving through a stationary fluid. Johnson's analysis was
not limited to maximum steady-state lift and hence included
the quasisteady variations in circulation. Johnson did not
include in his analysis the effect of the trailing vortical wake
which affects the potential flow and hence the boundary-layer
development and separation.

In the present work the analysis of Johnson is extended to
include the contribution due to an infinite vortical wake and
examine the unsteady viscous flow about a 6:1 elliptic cylinder
oscillating in pitch while moving at constant speed through a

stationary fluid. The analysis couples an unsteady potential
flow calculation, including the vortical wake, with calculation
of the unsteady boundary-layer development on the upper and
lower surfaces of the ellipse. The coupling is achieved by
matching the rate of change of circulation to the rate at which
boundary-layer-developed vorticity is shed into the wake. The
unsteady pressure distribution is integrated to determine the
unsteady lift.

The results, which are presented for a range of mean in-
cidence angles and oscillation frequencies, describe the
behavior of the unsteady boundary layer and illustrate
dynamic stall, including lift hysteresis.

Analysis
The coordinate system and body orientation used in the

present study are shown in Fig. 1. The x and y coordinates
form the usual boundary-layer coordinate system. The x
coordinate is measured from the stagnation point for steady
flow at the mean angle of attack and is positive on the upper
surface and negative on the lower surface. The angle r? is
measured positive counterclockwise from the trailing edge in a
body-fixed coordinate system (X, Y). The angle of attack a ( t )
is assumed positive when the leading edge is pitched up
relative to the direction of the relative freestream.

Potential Flow
The potential describing the fluid motion induced by an

elliptic cylinder which is moving at constant speed through a
stationary fluid while undergoing periodic changes in angle of
attack may be obtained in the manner described by Kochin et
al.14 This complex potential is obtained by mapping the flow
induced by a circle in the f plane into the flow induced by the
ellipse in the z plane. The mapping between the two planes is
given by

(i)2 r
However, the resulting potential does not include the effect

of the periodic vortical wake. To model the contribution of
the vortical wake, we begin by considering the contribution
due to a single isolated vortex of strength k located at a point
pei(t> outside the cylinder in the f plane. The complex potential
which describes this flow is given in Milne-Thomson.15 The
vortex is assumed to lie on the X axis (0 = 0). The resulting
potential is generalized by taking k = y ( X , t ) d X , where
y ( X , t ) is the vorticity per unit length in the wake. The
contribution of the entire wake is then obtained by integrating
from the trailing edge to infinity. The contribution of the shed
vorticity between the separation point and the trailing edge
has been neglected since this contribution will be small except
in cases where separation moves quite far forward along the
body. The total potential, including the effect of the vortical
wake, is given by

|
4?

where

p=

(2)

(3)

Fig. 1 Basic coordinate system and body orientation.

It is important to note.that the total vorticity is made up of
two parts: the vorticity "bound" in the ellipse which gives rise
to the circulation F and the vorticity distributed in the wake.
Since the total circulation about the combined system in-
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eluding both the ellipse and the wake must be zero, we have

r+ ydX=0 (4)

It is now assumed that the angle of attack varies periodically
with time so that

do?
a. = a0 + Aa sin co/ and Oz = — — = — coAa cosotf (5)

Since the angle of attack varies periodically, it seems logical
that the circulation should also vary periodically. Hence, we
take

! sinco/1 (6)

This form, containing both sine and cosine components,
permits phase lead or lag in the final expression for the cir-
culation. If the circulation F is periodic as a result of periodic
variations in angle of attack, then it seems logical that the
vorticity in the wake should be periodic also. If the motion
has been occurring for a long period of time, it may be
assumed that the transient phenomenon has vanished and the
vortex strength in the wake is assumed to have the form:

T ( X , t ) =AR +,47sin (wt- (7)

where X=X/a. This particular distribution of vorticity
corresponds to each element of trailing vorticity moving
backward relative to the ellipse at a velocity (/«,. In the
inertial frame of reference, the vorticity remains stationary in
space as the airfoil moves away (forward) with a mean
velocity, (/„,. For simplicity, the assumption is made that the
vortices move at the freestream velocity relative to the ellipse.
A more realistic assumption might be that the vortices move
with a fraction of the freestream velocity. However, the value
of this fraction is not known at this time.

Noting that the starting vortex cancels the steady-state
circulation T0t the coefficients AR and Af are determined
from Eq. (4) so that

(8)

where

= co( F/0cos -r/7sin

With the vorticity per unit length given by Eq. (8), the
potential may be written, neglecting terms of order (Aa)2 and
higher, as

/ sin a ) + iT0Kn s + Aa cos cor
-2co(/-02)
——— -—2 ———

- (co/2) [(7-/32)

cos (ri-a0)

(lOc)

(lOd)
where

Su
J;

~
— 2pcosrj

i-p2

1 + p2 — 2pcos7j

Here p is related to X through Eq. (3) and 17 is related to the
boundary-layer coordinate x by

dx
(11)

If F0, F70, and F77 are prescribed, then one can determine
the velocity potential from the complex potential and the
velocity from Eqs. (10) and using these determine the pressure
distribution on the body/The pressure distribution then can
be integrated over the body to determine the force com-
ponents and the pitching moment. For sharp trailing-edge
airfoils at small angle of attack, r0,T]0, and F77 are deter-
mined from the condition that the pressure difference between
the upper and lower surfaces must approach zero as the
trailing edge is approached (the Kutta condition). For sharp
trailing-edge bodies at high angle of attack or blunt trailing-
edge bodies, the boundary layer separates before the trailing
edge and some other criterion must be used. For steady flow,
the new criterion is the Taylor-Howarth criterion which
requires that the net rate at which vorticity is shed into the
wake be equal to zero. This criterion reduces to the usual
Kutta condition at low angle of attack where separation does
not occur. For unsteady flow the appropriate criterion is the
revised Howarth-Taylor criterion advanced by Sears,16 which
requires that the time rate of change of circulation about the
cylinder equal the net rate of vorticity flux into the wake. In
order to apply this criterion, however, we must first calculate
the boundary-layer development to separation on the top and
bottom surfaces so that the rate of vorticity transport into the
wake may be determined.

Boundary-Layer Development
In the present analysis the boundary-layer development is

determined by employing an unsteady momentum integral
technique to determine the location of the separation points.
The standard unsteady momentum integral equations in
nondimensional form is

(12)

in which 5*, 6, and rw have their usual meanings, i.e.,

The velocity may be obtained from the potential. Neglecting
terms of order (Ao:)2 and higher, the velocity on the body is

ud (x, t) = ud() (x) + ubw (x) Aa cosco/ + ud]] (x) Ac* sin ut (lOa)

in which

u8o(x) = ( 1 / R ) { (7 + 0) sin(ri-a0) +T0] (lOb)

u rw = ̂ y y-o
As the body oscillates, the separation points on the upper

and lower surfaces of the ellipse move back and forth. The
present analysis accounts for this effect by transforming the
momentum equation (12) with a scaling of the x coordinates
so that the separation point always occurs at the same value of
the new scaled coordinate. A brief discussion of the nature of
unsteady boundary-layer separation is in order before such a
transformation is developed.
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It has been known for several years that the vanishing of the
wall shear does not imply separation of the unsteady boun-
dary layer. Moore,17 Rott,18 and Sears12 independently
postulated a model of unsteady separation (the MRS model)
in which the unsteady separation point is characterized by the
simultaneous vanishing of the velocity and shear at a point
within the boundary layer, as seen by an observer moving with
separation. Crimi9 indicates that for a typical helicopter rotor
Reynolds number and dimensionless pitch rate, the difference
between the streamwise location of the separation point, as
predicted by the MRS model and the location of the point of
vanishing wall shear, is approximately 0.6% of the airfoil
chord. This result, in addition to the physical reality that as
the pitch rate approaches zero, the streamwise location of the
unsteady separation point and the point of vanishing shear
must coincide, leads to trie adoption of vanishing wall shear as
an adequate definition of the location of separation.

In order to scale the x coordinate in the desired fashion, the
new coordinate £ defined by

(13)

(14)

is introduced.
The scaling function q(t) is chosen to have the form

q ( t ) = cosco/+C2

in which Cl and C2 are determined in order to insure that, to
order Aa, the separation point also occurs at a fixed value of
£. With this scaling, the momentum integral equation
becomes

d_
~dt

*-l=Tw (15)

The technique employed herein to solve Eq. (15) is similar to
that employed by Teipel19 in a solution of the classical un-
steady momentum integral equation: In order to extend the
range of pressure gradients for which this procedure is ap-
plicable, a fifth-order polynomial similar to that employed by
Dryden,20 is employed to represent the velocity profile in the
boundary layer. Thus, the general form of the u component of
boundary velocity was assumed to be

= F(r)+\G(r) (16)

where F(r) and G(r) are fifth-order polynomials in r=y/5
given by

17 1
-

(19)

(20)

(21)

Further it is assumed that the displacement and momentum
thicknesses and the wall shear can be expanded in series in Aa
which to first order are:

UdQ

6* = 63 + 6*0 Aa cos at + 8 *,, Aa sin at

6 = 60 + 610Aa cos at+dn Aa sin at

TW = Tw0 + Ttv;0Aa cos at+ TW/I Aa sin at

The components of the wall shear are given by

80

(22)

(23)

(24)

(25)

(26)

(27)

For future reference, note the requirement that the total shear
vanish is satisfied if

(28)

Finally, uio, us/0, and us/l are functions of x alone. These
are written in terms of £ by employing a Taylor series, e.g.,

d«*(

using the assumed velocity distribution [Eq. (10a)]. The
integral relations may be expanded as follows, neglecting
terms of order.

Order (Aa)°:

The coefficients in these polynomial expressions have been
chosen in a manner similar to that employecj by Dryden20 so
that the resulting steady-state lift curve was close to that
obtained by a classical method while expanding the range of
the shape factor which could be used.20 It was further
assumed that the boundary-layer thickness could be expanded
in a series in Aa, i.e.,

(17)

d£
(29)

Order (Aa)7:

d5/0 ^ , * .

(30)

where <5 0 (£ ) is given by the steady-state analysis and 6 / 0 (£ )
and <5 ; / (£ ) are determined from the unsteady solution.
Substituting gives the shape factor in expanded form as

X = \0 + \IO Aa cos ut + X// Aa sin co/ (18)

Q6

(31)
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The coefficients Q]f Q2, Q3, -•-» Qio are easily calculated or
may be found in Ref. 21 . It should be noted that each of these
coefficients is a function of the steady-state solution alone.

The reduced momentum equations, Eqs. (29'f31), now could
be solved in a prescribed fashion for d*0, 60, TO, bw, and bn
except that the unknown constants Cl and C2 appear in the
equations for dw and 67/ [Eqs. (30) and (31)]. These con-
stants are determined, as part of the solution process, from
the requirement that the separation point be stationary in the
moving coordinate system (in the body-fixed system, the
separation point moves). This requirement is satisfied by
making the total shear, given by Eq. (24), zero at the
separation point £ = £5. This condition occurs when \0 =
- 1 19/9, and \10 = X /7 =0. Setting \10 and X y / , given by Eqs.
(25) and (26), equal to zero at the separation point yields the
two equations necessary for the determination of coefficients
Cj and C2 . The manner in which this determination is fitted
within the solution procedure will be discussed shortly.

Circulation Criterion
Determination of the appropriate potential flow about the

oscillating body involves specifying correct values of the
unsteady circulation components in Eq. (6). As mentioned
previously, the criterion used in the present study to determine
values of T0, TJO, and T1} was advanced by Sears.12 The
Taylor-Howarth criterion for determining the proper cir-
culation in steady flow with separation requires that the net
vorticity shed into the wake from both the upper and lower
surfaces must be zero. Sears' modification of this requirement
to account for unsteady effects, known as the revised Taylor-
Howarth criterion, is given by

— - = rate of vorticity flux into the wakeat (32)

Allowing for the movement of the separation points, the
criterion in Eq. (32) becomes

axs dxs
(33)

Table 1 Steady lift coefficient nondimensional steady circulation,
and the location of the separation points

for different mean angles of attack

-to

0
2
4
6
7
8
9

0.928
0.894
0.840
0.740
0.655
0.526
0.343

-0.928
-0.950
-0.965
-0.975
-0.979
-0.984
-0.989

0
0.0250
0.0490
0.0695
0.0768
0.080
0.0750

0
0.159
0.324
0.466
0.491
0.517
0.347

where the overbars and underbars denote conditions at sepa-
ration on the upper and lower surfaces of the body, respec-
tively. Changing the criterion in Eq. (33) to the (£,y,t)
coordinate system yields the following three restrictions on
T09 F70, and F77 when coefficients of 1, Ace cos ut, and Aa sin
ut are equated.

"8n2=Uf>n2 at£ = £5 (34)

(35)

T2 = - c

(36)

From Eq. (29), T0 is determined by iteration until the velocity
at the upper and lower separation points have equal mag-
nitudes. To obtain correct values for the unsteady com-
ponents of circulation, iteration is performed simultaneously
on both TIO and F /7 until Eqs. (35) and (36) are satisfied.

Solution Procedure
The preceding formulation allows the present problem to be

solved in a pair of sequenced steps, each involving one or
more iterative steps. The steady-state problem is solved first,
and once it is known the unsteady portion of the problem is
solved.

To solve the steady portion of the problem at a fixed steady
mean angle of attack, «0, a value of T0 is first assumed. With
a0 and T0 prescribed, the steady external velocity distribution
ubo is given [Eq. (10b)]. The boundary-layer development, to
separation, on both the top and bottom surfaces is now
determined. With the conditions at separation determined, a
check is made of the separation criterion, Eq. (34). If the
separation criterion is not satisfied, a new value of T0 is
assumed and the process outlined above is repeated. This
procedure is repeated until one obtains a value of F0 which
satisfies the steady circulation criterion. By applying the
scheme at successive angles of attack, one can generate the
proper value of the steady-state circulation F0, at each angle
of attack, and, from this, as will be seen later, the steady-state
lift curve.

Once T0 has been found, the determination of T}0 and F7/
may begin. Here, however, there is a double iterative proce-
dure since not only T10 and Fy/ but the unknown coefficients
C7 and C2 must be determined. First test values of T10 and F /7
are assumed. These values, together with the prescribed a0
and the value of F0 determined earlier, completely specify the

Table 2 Unsteady boundary-layer parameters, circulation components,
and lift for several mean angles of attack and reduced frequencies

2deg 6deg 8deg 8deg 9deg 9deg

CO

c,
C2
Ci
C2
TO
T]0r/i
Q,
cdo
Q//

0.1
-0.2285
1.2937
0.1-237

-0.5895
0.025

-0.058
0.6435
0.159

-0.137
4.016

0.01
-0.7855
5.1176
0.033

-0.3965
0.0695

-0.055
0.449
0.466

-0.018
2.633

0.1
-2.2792
19.3812
0.01828

-0.4834
0.080
0.1525

-0.100
0.517
1.704

-4.357

0.01
-0.2012
19.0100
-0.0026
-0.4489
0.080
0.0062

-0.0832
0.517
0.119

-4.230

0.1
,2.2783
51.7992
-0.1456
-0.6225
0.075
0.0355

-1.247
0.347
0.1289

-21.35

0.01
3.2205
45.3325
-0.0185
-0.5421
0.075
0.0175

-1.1139
0.347

-0.827
-18.82
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velocity distributions u8]0 and ud]] [Eqs. (lOc) and (10d)].
With these velocity distributions specified, the solution of
Eqs. (30) and (31) for dw and 677 is begun. These equations,
however, contain the unknown constants Cl and C2. Because
of the linearity of Eqs. (30) and (31), it is possible to split 5]0
and 677 into linear sums, i.e.,

+ C2
3d]

Introducing these expressions into Eqs. (30) and (31) yields a
set of six equations for the unknowns, !b10, 2b10, 3dw, 7677,
2677, and5<5 / 7 . Four of these (the equations for 2d]0, 3570,2S77,
and 3 d } ] ) contain coefficients which depend only on the
steady-state solution and, hence, may be solved once for all
independently of the iterative process necessary to determine
T]0 and F77. The remaining two equations (the equations for
1 d]0 and 7677) involve ud]0 and ud]] (and hence the assumed
values of Tw and F/7).

The solutions for 2d]0, 35W, 2dn, and 3dn are easily started
employing standard procedures and are integrated using a
fourth-order Runge-Kutta method. The equations for !bw
and 7677 require special attention in the vicinity of the
stagnation point and are handled here in a manner which is
based on Rott's18 unsteady stagnation point solution. The
unsteady motion of the stagnation point is then accounted for
by employing Rott's technique, while the unsteady variation
of the remainder of the boundary layer is accounted for by the
transformation to the £ coordinate. The two techniques are
matched in the vicinity of the moving stagnation point. The
details of the matching are given in Ref. 21. Once started, the
equations for 7670 and 7677 are also solved by a fourth-order
Runge-Kutta procedure. The solutions are all carried to the
separation point. With 7 d ]0, 2 d ]0, 3dw, 767 7 ,267 7 , and 3dn
now determined, the unknown coefficients C7 and C2 are
determined, as mentioned above, by requiring that the total
shear, in the transformed coordinate £, vanish at the
separation point. Then, by inserting the now known values of

d0, d]0, and 677 evaluated at separation into Eqs. (20) and (21),
and requiring that \]0 and X77 vanish at separation [see Eq.
(28)], one determines C7 and C2. With C7 and C2 defined,
the assumed values of Tw and F77 are tested by determining if
the circulation criteria, Eqs. (35) and (36), are satisfied. If
these equations are not satisfied, new values of Tw and F77
are chosen and the entire process outlined above is repeated.
This iteration process on T10 and F77 is repeated until the
circulation criterion is satisfied. Because of space limitations,
it has not been possible to describe this entire process in detail,
or, in fact, that which follows. The details of the present
analysis may be found in Ref. 21.

Upon completion of the above procedure, the unsteady
circulation components T0) TIO, and F77 have been deter-
mined for the body oscillating at a particular frequency about
a prescribed angle of attack.

Aerodynamic Coefficient
The pressure on the surface of a cylinder in unsteady

motion through an infinite fluid is given by the unsteady
Bernoulli equation. Using this equation, the surface pressure
coefficient is given by

(37)

where U is the absolutely velocity of a point on the body, ltd
the local velocity in the body-fixed coordinate system, and 0
the velocity potential. The velocity potential is the real part of
the complex potential equation (9) and the velocity ud is given
by Eq. (10). The resulting expression for the pressure coef-
ficient can then be written, again neglecting terms of (Ace)2

and higher, as

Cp = CPQ + Ace CPW cosotf + Ac* CP]] sin ut (38)

in which

u

. —— —— STEADY LIFT CURVE

——————HYSTERESIS LOOP

5 6 7
a(DEGREES)

Fig. 2 Unsteady lift hysteresis for a0 = 6 deg and w = 0.1.

( ~ sin2ry + 2c

= cos[u(X-l)]v(ri,X)dX

2psinr/ — si
L2pcosr7 - cos2r; — p2

This pressure coefficient, however, may be taken as repre-
senting only the pressure on that portion of the body for
which the flow is attached. In order to integrate the pressure
coefficient over the entire body to obtain lift, it is necessary to
have some approximation for the pressure coefficient on the
surface of the body in the separated region. In the present
work the steady-state pressure coefficient CPQ9 beyond
separation on the top surface, is assumed to decay expo-
nentially to zero far behind the body, while the pressure
coefficient beyond separation on the bottom surface is
assumed to vary linearly from the pressure coefficient at
separation to the value of the pressure coefficient obtained for
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0.6

0.5

U

0.4

Q.31-^

-STEADY LIFT CURVE
-HYSTERESIS LOOP \

7 8 9

a(DEGREES)
Fig. 3 Unsteady lift hysteresis near maximum lift (a0 = 8 deg) for

the upper surface at the trailing edge of the ellipse. This
procedure seems to provide reasonable results when applied to
airfoils with separation where experimental data is available
(e.g., see Ref. 22). The unsteady components of the surface
pressure coefficients, CPw and CPl], are assumed to vary
linearly from their values (upper and lower surfaces) at
separation to zero at the trailing edge, thus avoiding a
pressure jump in the vortical wake.

With the pressure coefficients now completely determined,
it is possible to integrate in a standard manner the pressure
coefficient over the body surface to determine the lift. Quite
obviously, the lift coefficient will have the form

Cf = C(Q + Aa Cgw cos otf + AaCP// sin

Results and Discussion
The analysis described herein has been employed to predict

the steady and unsteady lift coefficient components for an
elliptic cylinder of fineness ratio 1:6 oscillating in pitch at a
number of mean angles of attack. Calculations were per-
formed for reduced frequencies of W = 0.01 and 0.1. Results
are presented for a constant perturbation of the angle of
attack of Ace = 1 deg.

The steady-state lift coefficient was found for mean angles
of attack from 0 to 9 deg. Table 1 presents values of T0 and
CP and the upper and lower separation points £5 and £5 for
angles of attack from 2 to 9 deg. The steady-state lift coef-
ficient increases with angle of attack up to an angle of attack
of 8 deg where a maximum lift coefficient of C(0 = 0.517
occurs. Beyond 8 deg, the lift drops off as the separation
point moves forward along the body exposing a large portion
of the upper surface to the separated wake. At 9 deg,
separation occurs on the upper surface £5 = 0.343 and on the
lower surface at £ = - 0.989, quite close to the trailing edge.

The major results obtained from these calculations are
presented in Table 2. The resulting lift hysteresis loops are
shown later Figs. 2 and 3. For a0 = 2 deg, the hysteresis loop
appeared to be very thin and proceeded in a counterclockwise
direction. The results for a0 = 6 deg, shown in Fig. 5, indicate
that the hysteresis loop is still quite thin and there is no change
in the direction. As the mean angle of attack is increased
further to a value near the angle of attack for maximum
steady-state lift, the viscous effect becomes more important
with a resulting thickening of the hysteresis loop and a change
in the direction and transversing the loop to clockwise (Fig.
3). Beyond the angle for maximum steady-state lift, at a: = 9
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cut

Fig. 4 Movement of upper separation point, a0 = 9 deg.

deg (not shown), the hysteresis loop becomes very thin again
while the loop is still transversed in the clockwise direction.

In general, these results for the direction of transversing the
hysteresis loops are in agreement with the experimental results
of Liiva et al.6 for a two-dimensional airfoil oscillating in
pitch. The experimental results of Liiva et al. indicate that at
small angle of attack the hysteresis loop is counterclockwise,
while beyond the angle for steady-state maximum lift the
hysteresis loop is clockwise. The major difference between the
present results and the experiments lies in the transition from
counterclockwise to clockwise hysteresis loops. In the ex-
periments this transition involves a shift from single coun-
terclockwise loops to figure-eight loops with both clockwise
and counterclockwise parts back to single clockwise hysteresis
loops at high angles of attack. The present analysis, which
contains only terms of order Ace, cannot produce hysteresis
loops of the figure-eight type.

The results presented herein, with respect to the direction of
the hysteresis loops, are at variance with those of Johnson.13

This is probably the result of including the effect of the
vortical wake in the present analysis. In addition, the present
results include a direct integration of the surface pressure to
obtain lift, whereas Johnson13 (and also Moore11) related the
lift directly to the circulation. The direct relation of lift to
circulation, as employed by Johnson13 and Moore,11 ignores
the effect of boundary-layer separation and the pressure
distribution in the separated region. In the present work, the
integration of the surface pressure accounts, at least ap-
proximately, for the effect of the separated flow on the
surface pressure and, hence, the lift.

In order to better understand the above results for the
unsteady lift on an elliptical cylinder, Figs. 4 and 5 present an
in-depth look at the various intermediate parameters which
affect the lift. Figure 4 illustrates the movement of the
separation point on the upper surface as a(t) completes a full
cycle for a mean angle of attack of 9 deg. The movement of
the upper separation point seems to be more sensitive to the
unsteady oscillations than the one on the lower surface. The
movement of the lower surface separation point is only about
20% of the movement of the upper surface separation point.
For example, at a mean angle of attack of 9 deg the lower
surface separation point moves between x = 0.984 and 0.995
during one cycle. This is also true for the variations with
respect to the oscillation frequency co. However, there is a
phase shift present for both surfaces as co = 0.1 changes to
w = 0.01.

In obtaining the velocity components at each point on the
body, it was necessary to evaluate the contribution due to the
vortical wake by carrying out an integration along the vortical
wake [e.g., the integrals Su and Cu in Eqs. (lOc) and (10d)].
It was found that it is necessary to carry this integration some
200 chord lengths along the wake before the integrals become
essentially constant; i.e., additional contributions to the
integral were on the order of 10~4 . If one were satisfied to
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evaluate these integrals to, say, within 10% of the true value,
it would be necessary to carry the integral out to ap-
proximately 50 chord lengths. The reason it is necessary to
carry the integration so far lies in the fact that the effect of the
vortical wake dies out, not as the inverse square of the
distance from the trailing edge to the element of vorticity, but
simply as the inverse of the distance. This is clearly shown in
the expressions for Su and Cu [after Eqs. (10)] and from Eq.
(3) which relates p to X. Since the vorticity in the wake takes
the form of a damped traveling wave, it is appropriate to
consider the length of the wake in terms of wavelengths. The
distance 200 chord lengths corresponds to 6.4 wavelengths for
co = 0.10 and 0.64 wavelengths for co = 0.01. The above result
indicates that components of the wake quite far from the body
still exert a noticeable effect on the flow in the vicinity of the
body. This, in turn, represents an inconvenience manifested in
longer computing time.

The typical behavior of the unsteady pressure coefficient
can be seen in Fig. 5 where the unsteady components of Cp (t)
are plotted as a function of £ for a nominal value of ot0 = 9 deg
and co = 0.1. Here, the steady pressure coefficient on the upper
surface decreases as the velocity increases around the nose,
and then picks up toward the trailing edge. On the lower
surface, Cpo decreases toward the trailing edge and ex-
periences a sharp increase associated with an adverse pressure
gradient necessary for the separation at the lower surface.
Although somewhat different in magnitude, a similar
behavior can be observed for the variation of CPlQ and CPn
around the elliptic cylinder.

The results of the present investigation seem to support the
following hypothesis made by Moore11:'"It may be that
different directions of hysteresis should be expected when the
airfoil oscillates and when, as in the present study, the stream
direction oscillates.11 Indeed it appears that the clockwise
direction of the hysteresis loop, which agrees with ex-
perimental airfoil results, is a direct consequence of including
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Fig. 5 Pressure distributions for a0 = 9 deg and o> = 0.1.

the 12Z term in the expression for ud (x,t) which alters the form
of u8w to produce a positive value of T10. The Oz term arises
as a result of the body oscillating as it translates through an
infinite fluid. Setting this term equal to zero or neglecting it,
as Moore11 did, corresponds to the physically unrealistic case
in which the body is stationary in an oscillating infinite
medium. Physically, this additional term seems to describe the
influence on the potential flow of the added mass effect
associated with an accelerating body in unsteady motion. This
result is in agreement with the results of Johnson,13 although
Johnson did not include the effect of the vortical wake.

Summary
An unsteady momentum integral technique has been

employed to analyze the laminar, two-dimensional, unsteady
boundary layer on an elliptic cylinder oscillating periodically
in a steady freestream. The dynamic lift characteristics and
the unsteady behavior of the boundary layer are predicted for
several nominal angles of attack over a range of oscillation
frequencies.

The basic approach was to represent the boundary-layer
parameters by a steady-state term plus an unsteady per-
turbation proportional to Aa, to transform the usual
boundary-layer coordinate system such that the location of
the separation points appear steady in the new coordinate
system, and to relate the rate at which vorticity is shed into the
wake to the time rate of change of circulation.

The predicted hysteresis loop direction was found to change
from counterclockwise to clockwise as the mean angle of
attack was increased from 2 deg to within the stall region.
This direction change was shown to compare favorably with
experimental results for cylinders of airfoil cross section.
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